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ABSTRACT
Let Xj be the span of the Haar function {4;: JED) in L? (1< p <)
endowed with L? norm. Then for any finite set D, the spaces X5 and /5, are
K,-isomorphic where K, depends on p only.

In {G.G] Gamlen and Gaudet consider subspaces of L? (1 < p < o0) which
are generated by an infinite subset of the Haar basis.

Using the Banach space decomposition principle of Pelczynski, Gamlen and
Gaudet proved that /» and L? are the only Banach spaces which can be
produced in this way.

The argument used below to prove the corresponding finite dimen-
sional result (Theorem 1) is based on the methods of B. Maurey, cf.
[Ma, Section 4).

THEOREM 1. There exists K, >0 such that the span X* of any finite
subset of the Haar basis in L?[0,1] (1 <p <o) is K,-isomorphic to
Igimx"

Subsets of the Haar basis are given by a collection 2 of dyadic intervals.
To handle such collections properly we will introduce generations:
For 1 € @ we let

G |D)={J€2:J &I, J maximal}.

Having defined G(I | 2), . . ., G,_ (I | 2) we put
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GIlay= U G| 2.

JEGy .| D)

For arbitrary collection # of dyadic intervals we denote U,c4 J by F*.
When no confusion is possible we will write G,(I) instead of G,(J | 92),and G,
instead of G,([0, 1] | 2). For 1 < p < oo we denote by X% the span of the Haar
functions {A;:J € 2} equipped with L? norm.

Given f = Z,e4 a,h; then we put

1= [ <2a}h})mdt.

X}, will denote the span of the Haar functions {4, : J € 2} equipped with the
norm || |z

We let (Q, #, P) be a probability space and we let (#,),cy be an increasing
sequence of finite fields such that

(E,(+)).en denote the conditional expectations with respect to (#,). We
introduce the spaces

HP[(F)]:= {fEL”(Q, 7,P): f Sy < 00} ,
endowed with the norm

I = ( [ SCrrap)”

where
@© 172
&)= ( 2.:1 E.(N—E._(f ))2) ().

Important to us are the following results:
THEOREM (Burkholder). Let 1 < p < co, then there exists C, > 0 such that
for fELYQ, #, P)

1,
L <y =6 111,
f:4
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An immediate consequence of Burkholder’s theorem is the follow-
ing:

PROPOSITION 2. For 1 <p <o there exists C,>0 with the following
property:

For any sequence (%,) of increasing finite fields, which is eventually constant,
the spaces H?[(#,)] and Iy, yrys,y are C,-isomorphic.

We will also use the following:

THEOREM (E. M. Stein). Let 1 < p < oo, then there exists C, > 0 such that
Jor any sequence ( f,)EL*(Q, P)

| (2: IE. P)”" ar=q, | (2 Iﬁ,l?)mdP.

LEMMA 3. For 1<p <o there exists C,>0 such that for any finite
collection 9 of dyadic intervals there exist N €N and pairwise disjoint collec-
tions { D, )}, <w of dyadic intervals such that

m 2=U,_, 2,.

(2) Foreachm€NandI€ 2,

@) |GHI | @) <II);
(b) either |G¥(I | D,,)| > |11/2
or |GXI | 9,,)| =0.
(3) The Banach-Mazur distance between the space X% and (Z X3, )p is less
than C,.

Proor. We first decompose 2 into two collections R and B each of which
satisfies condition (a).

Let ={I€E2:G¥ | 2)=|11}; for IEYL we pick any interval in
G,(I | @) which we call R(I). Then we simply set

R:=U{R():IEPL),
B:=2\R.

Now for I € B the following holds:

INGKI IB) contains the intersection of a nested family of subsets of R,
hence it has positive measure.

The same statement holds with the roles of R and B interchanged, hence for
IE€R, I\G¥(I | R) has positive measure.

From now on we assume that & already satisfed (a).
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We now decompose 2 inductively.
Step 0

£ ={I€D:|GHI|D)| = |11/2},

K, ={IED: thereexists JES,andJ D IandI # J},

@l = @\Kl
If K, is empty we stop. If K| is nonempty we continue:
Step 1
= EK:|GHI | )| = |11/2},
K,={IEK,: thereexists JE$,andJ D IandJ + I},
@2 = Kl \Kz.
Suppose K, ..., K,, 2,,..., D, are constructed. If K, is empty we stop. If
K, is nonempty we continue.
Step n

v ={IE€K,:|G(I | D)| = 1112},
K, ={IEK,: thereexists JES,, andJ D 1andJ # I},
@n+l =Kn \Kn+l'

Obviously {2,} satisfies (1) and (2); it remains to check (3).
Indeed by construction foreach mEN and I€ 2,,:

Iz\ U ax

m+25n

24
>—.
2

Now pick f€ X% and put

h=2 X ah, and f,=3 X ah,.

Rzl JEDy_, nz1 JEDy,
By the unconditionality of the Haar basis in L” we get

1A4 > GUANE + 1AL 12)-

Moreover
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14626 [ (3 3 an)”

nzl JEDs,
2 p/2
zC, 2 P Q) XI\U a2t
nzt JE2,,
P
gch E 2 aJhJ ’
nz1 |l Jea, P

/i may be treated the same way, hence there is a constant C, >0 such

that
)
p b
on the other hand for 1 =< p = 2, Clarkson’s inequality implies
)
L
By duality we get the desired isomorphism for all 1 < p < 0.
The rest of the paper is used to show that X% is isomorphic to a certain
HP[(#,)] space, provided 2 satisfies condition (2) of Lemma 3.

The structure of 2 must be reflected by (#,) if we want the norm of the
isomorphism to be independent of 2.

11126( 3

meEN

Y ahy

JEZ)

IR

meEN

Y ash

JE2y

DEFINITION 4. Let 2 be a finite collection of dyadic intervals, such that
for IED, |I| — |G¥I, 2)| >0. We let ={[0,1], F}. Forn=1, &, is
defined to be the algebra generated by {#,_, U G,([0, 1], 2)}.

The sequence (#;,) will be called the filteration induced by 2.
For I€G,,_, we put

wl):= {f: I—R, ff= 0,fis #, measurable} ,

X(I):=span{|h,;|: JEG | D)).

LEMMA 5. There exists C>0 with the following property. If 0<
I — |GXI | D)\ < |1|/2, there exists an isomorphism T, : X(I)— 2(I) such
that, for | < p < o and fE€ X(I),

f
Lcleg I T L, =C- LS,
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ProOOF (cf. [Ma)], Lemma 4.10).
Step 1. Define myEN by the relation

]
2.2™

4
2m

<|I|- |Gl |2) <

There exist pairwise disjoint collections %2, C G\(I), 1 =i =m, such
that U, 2, = G,(I). Moreover, we can choose them in such a way
that for F;:=2F 1=i=my, and F,.,:=I\GP({J) the following
holds:

|Fil/l) =14,

|Fipi /| Fi] =14 for1=i=my—1,

(1+1)§|Fm.,+1|§1_
472/ |F, "2

By % we denote the algebra generated in I by {F},...,F,,}. For a ‘4
measurable function f: I — R we define the shift operator D, as follows:

Dy fip:=0,
Dlﬁfi:=ﬁfi—l f0r2—_<—l§mo+1.

We easily observe here that for 1 = p < 0 and f€ X(J)

I 1,/8= IDif W, =40 S,
Finally we define U, by
U f=f—E(f| €)+ D(E(Sf]| €.

_For 1 = p = w0, U,acts as an isomorphism on L,(/) when restricted to X(/),
because for f€ X(I)

U1 E MU =611,

Indeed, the right-hand inequality is clear. The left-hand inequality needs
two observations. Firstly, it follows from the construction that

E(U,f| 1) = Di(E(S| €))).
Secondly, we have f= U, f + E(f| €6,;) — D{E(f| €,)). Hence,
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1712 1 US Nl + NECS| €0 1, + I DAECS| €)1,
= N US N, + S NEULS| €)1,
S6[ U/,
Step 2 (due to G. Schechtman). For f: I —R we define V, by

if=1- (ffm) X

We claim that {5, f=0implies, for l = p < oo: 3| f, = I Vifll, =21 fl,-
Indeed, the right-hand side inequality is obvious, and we need only
verify the left-hand side inequality. Choose h € L? such that || 4 ||, =1 and

[f-h= 1l Let

pmn— [ 02
m | F

We have now

Viles2Uhl, [A= [t ad  [dx=o

Hence
1
1tz [ Avis
=5 a5 (J o), )2
2 2 Ar, I
1 1
=— | if=- .
S Br=210,
Step 3. Fix fE X(I) (i.e.f= ZJEGI(,) a,hj). Then we define PI by
Pf= %Y au.
JEG({I)
Finally we put

T,: X(I)—D(I)
f=ViUP,f.
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Steps 1 to 3 show that, for f€ X(I), we have
S
ALk <y i, =cusm,,

where C is independent of f, | = p = 0, 0r I.
Moreover, the construction of T;is such that 7, f€ D(I), and T; is surjective
and linear.

PROPOSITION 6. For 1<p <o there exists C,>0 with the following
property. Let 9 (with | 2*| < 1) be a finite collection of dyadic intervals such
that forI€ @

(i) either |G,(I | @)| > |1|/12 or G(I | 9) =0,

(i) |11 — |GXI | 2)| > 0.

Let (#,) be the filtration induced by 2, then the Banach spaces X%, and H[(#,)]
are C,-isomorphic.

ProoF. We put 2:= 2 U [0, 1]. The isomorphism is defined on each
interval of 2:

T: X5~ H°[(#,)),

{ X X hJaJ}—’{ Y TI( > h.lal)}-
1€ED JEG) 1€9 JEGW)

By construction of T the following is easily observed.
(1) For f€XG, | fI/C= N Tf .= | fll.-C.

(2) Forl=p=w,n€ENandfEX],

LAl - < .
c =T l=0s1,-C

(3) Let f be #, measurable and let 4 be #, , , measurable with E(/ | F)=0,

then E(f-h | #)=0and T-'(f- h)= fT~'(h).

It should be remarked here that T does not satisfy (3).

In [Ma] Section 4, an argument is given which shows that 7' : H'[(#,)]—~
X} is bounded. This argument is formulated there only for a very special
collection of dyadic intervals. Nevertheless, a change of notation makes it
work in our case too. Property (2) implies that T—!': HY(#,)]— X3 is
bounded. Now we apply the interpolation theorem for H”-spaces (cf.
[C.W] Theorem D) to conclude that, for 1 <p <2, T~!: H?([#)]— X}, is
bounded.
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Once we know that T': X§ — H?[(#,)], ] < p =2, is bounded, we are done
by duality, because

(X5)* is X§
HP(F))* is HU([#)]

where 1/p + l/g =1,

An application of E. M. Stein’s inequality permits us to show that T": X5 —
HP[(#,)] is bounded.

The use of this inequality is possible because, for I €G, and f€ X(I), | T, f)
can be dominated, pointwise, by the sum of conditional expectations of | f].
Indeed, the construction of 7; shows that

I T f1 = |f1 +E(1S] |‘€z)+8(£|f|)-fTF'l+Dr(E(|f| | ).

For the first three terms it is clear that they are dominated by conditional
expectations. We take &} = #, N1, 8} := €,and &} = (D, I}.

Only the shift needs further considerations. We will now construct two
different algebras of sets, both coarser than €,.

Let F,, ..., F,, ., be the atoms of €,. For my = 2n we put

g;:=d{FlUF29F3UF4’---1F211—1UFZnaF2n+l}s
J;:=d{F1,F2UF3,...,F2,, UF2n+l}-

&} and &; will be the algebras which we are going to use.

We denote by M the multiplication operator induced by the characteristic
function of the set F, UF,U --- U F,,.

Using the abbreviation 4 = E(| f| | €,) we estimate as follows:

M(D,h) < 2E(M(D;h) | &)
<4E(h — M(D,h)| &})
S4E(h | &)
= 4E(|f] | &1);
D;h — M(D;h) < 2E(D;h — M(D;h) | &)
< 4E(Mh | &)
<4E(h | &)
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= 4K(|f] | &).

Summing up, we obtain the following estimate:

T/ =8 3 E(SI| ).

j=1

Just what we wanted!
If my=2n + 1, we have to put

8 :=A{FLUF,F;UF,...,FUFy.,},
6;:=M{F1’FZUF3:---:F271 UF2n+l:F2n+2}°

Finally, M will be the multiplication operator induced by the charac-
teristic function of the set F, U F, U -« - U F,, . ,, otherwise we do the same
as above.

It remains to show how we will actually use the above estimate on 7; to
bound T.

First, we introduce the global analogues of &, &,:= #{&}:I1€G,).

Given f:= Z,c4 a;h; we define

fii=X ahy,

IE€G,
ATSf:=E(TIf | #) - K(Tf | #,.).

The definition of T gives the estimate

5 w
TIAIR=C Y 3 E(f|]| &)

j=1 n—1

Hence we get from Stein’s inequalities

17 =€ | ( ICTHIE )"

=6 (2t

=G Sx- =

Theorem 1 follows now from Proposition 6 and Lemma 3.
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